INTRODUCTION
Let {x,,} be a sequence of real numbers and let a(n) be a sequence of positive real numbers. We shall refer to the a(n)% as weights and write A(N) = f a(n) Vl=l for the sum of the first N weights. Tsuji [8] has generalized the notion of uniform distribution mod 1 by replacing certain Cesaro means by more general weighted means. Specificly, we say that (x,} is a(n)-unifor&j~ The Weyl criterion is easily generalized to the case of a(n)-uniform distribution mod 1. Thus we have, THEOREM 1.1.
Let {x,} be a sequence of real numbers and let a(n) be a sequence of weights. Then the following are equivalent.
(i) {x,} is a(n)-uniformly distributed mod 1, (ii) for each integer J # 0, lih& A(N)-l g a(n) e2niJxn = 0. n=1
We remark that more general notions of uniform distribution have been defined by using different symmability methods. (For an account of these investigations we refer to [l, 2, 71. For our purposes, however, we shall consider only uniform distribution mod 1 relative to a sequence of weights a(n).
Throughout the remainder of this paper we shall assume that the sequences {a-,} and a(n) satisfy the additional conditions (H,) O<x,<x,<x,<...<x,<..., (H,) the series xcC1 a(n) e-OS% converges if and only if 0 -=c u.
We then let s = 0 + it be a complex variable and define f(s) for 0 < o by f(s) = a(n) 6'"".
It follows that f(s) is analytic in the half-plane 0 -=c CT and that f(u) + co as (T -+ O+. Our objective in this paper is to show that if f(r~) satisfies a certain smoothness condition as o ---f 0+ then for any real t, # 0,
TZ=l are equivalent. Indeed without any additional hypotheses onf(s) we give a simple Abelian argument to show that (1.3) implies (1.2). We note that by Theorem 1 .l the problem of determining the set of real numbers 01 such that {ax,,} is a(n)-uniformly distributed mod 1 is solved by finding the set of real numbers to which satisfy (1.3). Proof. We may assume without loss of generality that p(u) = 0 for y < 0. Then let E > 0 be given and let y,, be so large that 1 p*(u)] < E&) whenever y, < y. If 0 < 0 then we may integrate by parts to obtain I a(0 + it,)1 = 1 lrn e-Off dp*(y)l O-< u I J' :a p*(y) e-oy dy 1 + +tu>.
It now follows that l$s;p {P(4>-1 I $(a + it,)1 < E.
For the converse or Tauberian theorem corresponding to Theorem 2.2 we require an additional condition on the behavior of p(u) as u --f Of-. The condition in question is precisely that used by Karamata [5, 6] to generalize a Tauberian theorem of Hardy and Littlewood [3, 4] . In fact we use Karamata's method of polynomial approximation to obtain our result.
Let L(x) be a positive real valued function defined for all large values of x. We say that L(x) is slowly oscillating if for each real number /3 > 0 we have $2 {L(x)}-1 L@x) = 1. THEOREM 2.3. Let p(s) = Jr-e+u dp(y) and let P(U) be of regular growth. Iffor some t, # 0 we have then $2 {p(x)}-l 6' eTitoy dp(y) = 0. Next we shall show that b& {/z(u)}-' jo; e-("+itJyg(e-oy) dp( y) = 0 (2.7)
for each g E gQ. We first observe that for any /3 > 1, If we let m -+ cc then it follows that (2.7) holds for each g E 9, . We now choose go(x) = 0 if 0 < x < e-l, zz x-1 ife-l<x<l, and note that go E gg for all q, 1 < q < co. Then (Joyml'+ dp( y))-' (/or-1'+ edtoY dk( y)) = MC1 (Joy e -("+ifo)ygo(e-"Y) dp( y)) f&(u)} (Jo:-"+ dp( y))-'. For example, if a(n) = n-l and x, = log n then f (s) = CI-_, n-le-S(lOg 'O = c(s + l), where 5 is the Riemann zeta-function. Since {(s + 1) is analytic everywhere except for a pole of order 1 at s = 0 we obtain the result of Tsuji [8] that (a log n} is n-l -uniformly distributed mod 1 for each 01 > 0.
By logarithmic differentiation of the Euler product for [(s + 1) we have il pi1 log p,e-8(10g9n) = -';:sI 1 :i + h(s). gle-' (3.2) where { JJ%} is the sequence of positive integers whose only prime divisors are in ihe set {ql , q2 ,..., qm}. The product in (3.2) defines a function with a pole of order m at s = 0 while all of its other poles have order 1. Thus if m > 1 then {a log ya} is l-uniformly distributed mod 1 for each o! > 0.
In a paper to appear we apply Corollary 2.9 to the seriesf(s) = Cz==, A(n) ecsTz, where A is von Mangoldt's function. We then obtain the wellknown result of Vinogradov [9] , that {LX~,J is l-uniformly distributed mod 1 whenever 01 is irrational.
